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1. Introduction
Let C be a (projective, non-singular and geometrically irreducible) curve of genus g defined over a finite field Fq with q
elements. We know after A. Weil that the number of Fq-rational points of a curve of genus g defined over Fq satisfies the
following limitations:
q+ 1− 2g√q ≤ #C(Fq) ≤ 1+ q+ 2g√q,
where C(Fq) denotes the set of Fq-rational points of the curve C.
Herewewill be interested inmaximal (resp. minimal) curves over Fq2 , that is, wewill consider curvesC attaining Hasse–
Weil’s upper (resp. lower) bound:
#C(Fq2) = q2 + 1+ 2gq (resp. q2 + 1− 2gq).
In this paper, we consider maximal hyperelliptic curves over a finite field with q2 elements of characteristic p > 2. Let C
be a hyperelliptic curve over Fq2 of genus g . Then C can be defined by an affine equation of the form
y2 = f (x),
where f (x) is a polynomial over Fq2 of degree 2g + 1 or 2g + 2, without multiple roots.
In this work, we consider the hyperelliptic curveC given by the equation y2 = xm+1 over Fq2 . We are going to determine
when this curve is maximal over Fq2 . In fact, we show the following theorem.
Theorem 1. Suppose q is an odd prime power and let m be a positive integer such that gcd(q,m) = 1. The smooth complete
hyperelliptic curve C corresponding to
y2 = xm + 1
is maximal over Fq2 if and only if m divides q+ 1.
This generalizes Propositions 2, 3 and 5 in [5], which deal with the particular casesm = 7, 8 and 12.
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2. Preliminaries
Before giving the proof of the main result, we need to recall some properties of maximal curves and also some tools
(which include the Hasse–Witt matrix of curves and Weierstrass point theory) that are used in the proof.
Let C be a curve of genus g > 0 over the finite field k = Fq of characteristic pwith q elements. The zeta function of C is a
rational function of the form
Z(C/k) = L(t)
(1− t)(1− qt) ,
where L(t) ∈ Z[t] is a polynomial of degree 2g with integral coefficients (see [10, Chapter V]). We call this polynomial the
L-polynomial of C over k.
We recall the following fact about maximal curves which can be deduced by extending the argument on p. 182 of [10].
Proposition 2. Suppose q is square. For a smooth projective curve C of genus g, defined over k = Fq, the following conditions
are equivalent.
• C is maximal (resp. minimal) over Fq.
• L(t) = (1+√qt)2g (resp. L(t) = (1−√qt)2g ).
A well-known example of a maximal curve over Fq2 is the Hermitian curve H ; it is defined by xq+1 + yq+1 = 1
(see [10, Example VI.3.6]). If we choose ξ ∈ Fq2 with ξ q+1 = −1 and set x1 := ξx, then the curve yq+1 = xq+11 + 1 is
isomorphic over Fq2 toH . In this paper, we will use this later equation of the Hermitian curve, i.e.,
H : yq+1 = xq+1 + 1.
Remark 3. As Serre has shown, if there is a morphism defined over the field k between two curves f : C −→ D, then the
L-polynomial ofD divides the one of C. Hence a subcoverD of a maximal curve C is also maximal (see [4]). So one way to
construct explicit maximal curves is to find equations for subcovers of the Hermitian curve (see [2]).
Definition. The p-rank of an abelian variety A/k, denoted by σ(A), is the p-rank of the group A(k¯) or, equivalently, the
dimension of A(k¯) as an Fp-vector space. The p-rank σ(C) of a curve C/k is the p-rank of its Jacobian. We also call it the
Hasse–Witt invariant of the curve.
If we have the L-polynomial of a curve C, we can use the following result to determine its Hasse–Witt invariant (see [9]).
Proposition 4. LetC be a curve defined over k = Fq. If the L-polynomial ofC is of the form L = 1+a1t+· · ·+a2g−1t2g−1+qg t2g ,
then the Hasse–Witt invariant satisfies
σ(C) = max {i | ai ≢ 0 (mod p)}.
Corollary 5. If a curve C is maximal (or minimal) over a finite field, then the Hasse–Witt invariant satisfies σ(C) = 0.
Proof. This follows from the above proposition and Proposition 2. 
In the following lemma we recall the relation between maximality and minimality of a curve over a constant field
extension.
Lemma 6. Let C be a maximal curve over Fq2 . Then C is maximal (resp. minimal) over the constant field extension Fq2r if r is odd
(resp. if r is even).
Proof. If Lr(t)denotes the L-polynomial ofC over the constant field extensionFq2r , then fromProposition 2 and [10, Theorem
V.1.15] we obtain that Lr(t) = (1− (−q)r t)2g . Therefore, the desired result follows from Proposition 2. 
LetC be a curve defined over a perfect field of characteristic p > 0. LetΩ1 be the sheaf of differential 1-forms onC. Then
there exists a canonical 1/p-linear operator C : Ω1 → Ω1,which is the so-called Cartier operator.
For a basis ω1, . . . , ωg of H0(C,Ω1) let (aij) denote the associated matrix of the Cartier operator C , i.e., we have
C (ωj) =
g
i=1
aijωi.
The corresponding Hasse–Witt matrix A (C) is obtained by taking p-th powers, i.e., we have
A (C) = (apij).
Remark 7. Because of 1/p-linearity, the operator C n is represented with respect to the basis ω1, . . . , ωg by the product of
matrices below:
(a1/p
n−1
ij ) . . . (a
1/p
ij )(aij).
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By raising the coefficients of this matrix to pn-th powers we get the matrix
A (C)[n] = (apij)(ap
2
ij ) . . . (a
pn
ij ).
It is remarkable that if n ≥ g , then the rank of the matrix A (C)[n] does not depend on n and it is equal to the Hasse–Witt
invariant of C (see [8, Sections 9–11]). Note that this formula also applies when g = 1.
From [12] we can determine the Hasse–Witt matrix of an elliptic or hyperelliptic curve y2 = f (x) as follows.
Let ω = (ω1, . . . , ωg) be the usual basis of H0(C,Ω1) given by ωi = xi−1dxy , 1 ≤ i ≤ g. Since C (ωi) = 1yC (yp−1xi−1dx) =
1
yC (f (x)
(p−1)/2xi−1dx), it follows easily from properties of the Cartier operator that
M := A (C) =

cp−1 cp−2 . . . cp−g
c2p−1 c2p−2 . . . c2p−g
... . . . . . .
...
cgp−1 cgp−2 . . . cgp−g
 ,
where the coefficients cj ∈ k are the coefficients of the polynomial f (x)(p−1)/2. Note that this argument shows that the
formula also holds when the degree of f (x) is even, not just when deg f (x) = 2g + 1 as in [12].
Here we review also some results about the theory of Weierstrass points in positive characteristic (see [7]). We use the
following terminology and notations.
• The symbol ‘‘∼’’ denotes linear equivalence of divisors.
• For P ∈ C, mi = mi(P) denotes the i-th non-gap at P , with m0(P) := 0, and H(P) := {mi(P) : i ≥ 0}.We recall that an
integerm > 0 is a non-gap of P if there is a rational function f on C such that its pole-divisor (f )∞ ismP .
From Lemma 1 of [6] we have the following proposition.
Proposition 8. Let C be a maximal curve over Fq2 , and let P0 and P1 be two rational points. Then
(q+ 1)P0 ∼ (q+ 1)P1.
In particular we have q+ 1 ∈ H(P0), i.e., q+ 1 is a non-gap at a rational point.
The following theorem is crucial for us (see [7, Satz 8]).
Theorem 9. Let C be a hyperelliptic curve defined over a perfect field of characteristic p. If P is a point on C, then we have the
following.
• P is a Weierstrass point if and only if P is a ramification point of the hyperelliptic cover (or, equivalently, P is a fixed point of
the hyperelliptic involution).
• If P is a non-Weierstrass point on the curve C, then P has gap sequence 1, . . . , g and so H(P) = {0, g + 1, g + 2, . . .}.
3. The proof of the main result
Now we are able to prove our main result. Note that the first part of the proof is similar to the proof of [1, Theorem 3.1]
and Lemma 6.2 is similar to Lemma 4.5 in [3], where a hyperelliptic curve is replaced by a Fermat curve.
Proof of Theorem 1. Suppose first thatm divides q+ 1. Set a := q+1m and b := q+12 . Consider the following morphism
H → C
(x, y) → (xa, yb).
Hence C is covered by the Hermitian curveH and Remark 3 implies that C is maximal over Fq2 .
To prove the converse, assume now that C is maximal and consider the affine equation of the curve y2 = xm + 1. For
α = 1 and β = −1, set Pα := (0 : α) and Pβ := (0 : β). Then div(y− α) = mPα −D1 and div(y− β) = mPβ −D1 for some
positive divisor D1. Thus
mPα ∼ mPβ .
This implies thatm belongs to H(Pα). In addition, it follows from Proposition 8 that
dPα ∼ dPβ ,
where d := gcd(m, q+ 1). Thus d ∈ H(Pα). On the other hand, from Theorem 9 we know that Pα is not a Weierstrass point,
and so H(Pα) = {0, g + 1, g + 2, . . .}.
Now ifm = 2g + 1, then H(Pα) = {0, (m+ 1)/2, (m+ 3)/2, . . .}. Thus m+12 ≤ d | m, and so it follows that d = m, i.e.,
m divides q+ 1.
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But ifm = 2g + 2, then H(Pα) = {0,m/2, (m+ 2)/2, (m+ 4)/2, . . .}. It follows that d = m or d = m/2 which implies
thatm divides 2(q+ 1). In this case, we see that if h is an odd divisor ofm, then h is a divisor of q+ 1. The only situation still
to be investigated is the following: q+1 = 2r swith s an odd integer andm = 2r+1s1 with s1 a divisor of s. If such amaximal
curve given by y2 = x2r+1s1 + 1 would exist, then from Remark 3 we conclude that the curve y2 = x2r+1 + 1 is maximal over
Fq2 . But this is impossible as shown in the next lemma.
Lemma 10. Assume that the characteristic p is odd and write q+ 1 = 2r s with s an odd integer. We have m := 2r+1. Then the
hyperelliptic curve C(m) given by the equation y2 = xm + 1 is not maximal over Fq2 .
Proof. Writing q = pn, we consider three cases:
Case p ≡ 3 (mod 4) and n even. In this case, we have q+ 1 = 2swith s an odd integer and we must show that the curve
C(4) is not maximal over Fq2 . Since 4 is a divisor of p + 1, the curve C(4) is maximal over Fp2 . Hence by Lemma 6, C(4) is
minimal over Fq2 because n is even.
Case p ≡ 3 (mod 4) and n odd. In this case, we can write p = 2r s1 − 1, where s1 is an odd number.
Here we determine the Hasse–Witt matrixM of the hyperelliptic curve y2 = xm+1. Using the above notation, we obtain
cj =

(p−1)/2
j/m

if m divides j
0 if m does not divide j,
where (xm + 1)(p−1)/2 =Nj=0 cjxj.
Consider the entries of the matrix M . In this case, it is easy to see that m divides p − g and gp − 1, and so m does not
divide p− u and gp− t for 1 ≤ u ≤ g − 1 and 2 ≤ t ≤ g because g < m. We can also show thatm = 2r+1 = 2g + 2 does
not divide up − 1 and tp − g for 1 ≤ u ≤ g − 1 and 2 ≤ t ≤ g . In fact, if u is even, then up − 1 ≡ −u − 1 (mod m) and
up− 1 ≡ 2r − u− 1 (modm) if u is odd. We have similar result for other numbers.
Set r1 := (p− g)/m and r2 := (gp− 1)/m. Then the Hasse–Witt matrix of the curve C(m) have the following form:
M =

0 0 . . . 0 a
0 ∗ . . . ∗ 0
...
... . . .
...
...
0 ∗ . . . ∗ 0
b 0 . . . 0 0
 ,
where a = (p−1)/2r1  ≠ 0 and b = (p−1)/2r2  ≠ 0.
Now in order to determine the Hasse–Witt invariant of the curve C(m), according to Remark 7 we obtain
A (C)[2g] =

aλb 0 . . . 0 0
0 ∗ . . . ∗ 0
...
... . . .
...
...
0 ∗ . . . ∗ 0
0 0 . . . 0 bλa
 ,
where λ is an integer. Hence the rank of the matrix A (C)[2g] is at least two, and so the Hasse–Witt invariant of the curve
C(m) cannot be zero because of Remark 7. By Corollary 5, this means that the curve C(m) is not a maximal curve.
Case p ≡ 1 (mod 4). In this case, we have q + 1 = 2s with s an odd integer. So we must show that the curve C(4) is
not maximal over Fq2 . But, it is easy to show that the curve C(4) with p ≡ 1 (mod 4) is an ordinary elliptic curve and so
it is not maximal. In fact, according to the previous case we obtain M = [(p−1)/2
r ′
] ≠ 0, where p − 1 = 4r ′ . Therefore we
conclude that the Hasse–Witt invariant of the curve C(4) is not zero, and so by Corollary 5 the curve C(4) is not maximal.
This completes the proofs of Lemma 10 and Theorem 1. 
Remark 11. Assume that q = p is a prime number. If the curve C given by the equation y2 = x2g+1+1 is maximal over Fp2 ,
then [3, Theorem 3.3] implies that the Hasse–Witt matrix of C is zero. Hence from [11, Theorem 1] we get thatm = 2g + 1
is a divisor of p+ 1. The above theorem generalizes this result.
Remark 12. Theorem 1 shows that the curve y2 = xm + 1 is maximal over Fq2 if and only if it is covered by the Hermitian
curveH over Fq2 .
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